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Abstrat
Using the q-version of the Darboux transform we obtain the general solution of q
dierene Riati equation from a speial one by the ation of oneparameter group. This
allows us to onstrut the solutions for the large lass of qdierene Riati equations
as well as qdiferene Shrödinger equations.
Introdution
In this paper we investigate the Darboux fatorization method for qdierene version of
Riati and Shrödinger equations. It appears that this method whih is by all means eetive
for dierential Riati and Shrödinger equation ([7, 8, 2℄) leads to nontrival and interesting
results in the qdeformed ase too. Some of the new formulae have their undeformed version.
They tend in the limit of q → 1 to the ones, whih are well known in dierential ase.
The Darboux fatorization
−
d2
dx2
+ V (x) =
(
d
dx
+ u(x)
)(
−
d
dx
+ u(x)
)
(1)
gives the well known orrespondene between one-dimensional Shrödinger equation(
−
d2
dx2
ψ(x) + V (x)
)
ψ(x) = 0 (2)
and the Riati equation
d
dx
u(x) = −u2(x) + V (x), (3)
1
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where
u(x) =
d
dx
lnψ(x). (4)
This orrespondene is a starting point for a searh of the exat solutions of both equations
above (see [2℄).
We will investigate, in this paper, an analogue of the Darboux method for the pair of
q-dierene equation
∂q
(
ψ(x)
ϕ(x)
)
=
(
R(x) S(x)
V (x) T (x)
)(
ψ(x)
ϕ(x)
)
, (5)
and
V (x) = ∂qu(x)− T (x)u(x) +R(x)u(qx) + S(x)u(x)u(qx). (6)
whose solutions are related by
u(x) =
ϕ(x)
ψ(x)
. (7)
It is lear that (5) and (6) generalize (2) and (3) respetively. The Shrödinger and Riati
equations are obtained in the limit q → 1 under additional assumption that R(x) = 0 = T (x).
Let us reall here, that the q-derivative and q-integral are dened by
∂qψ(x) =
ψ(x)− ψ(qx)
(1− q)x
, (8)
∫ x
0
ψ(x)dqt =
∞∑
n=0
(1− q)qnxψ(qnx) (9)
respetively, where 0 ≤ q ≤ 1 . The standard derivative and integral are obtained for q = 1.
However, the reason for the investigation of the q-dierene equations (5) and (6) is not only
that they generalize in a natural way the Shrödinger and Riati equations.
If one additionally assumes 1−(1−q)xT (x) = 0 in the real ase and one takes qn instead of
the real argument x, the equation (5) appear to redue to the three terms requrene equation
ψn+2 =
[
1− (1− q)qn+1R(qn+1)
]
ψn+1 + (1− q)
2q2n+1S(qn+1)V (qn)ψn, (10)
for the funtion ψn := ψ(q
n) of the natural argument n ∈ IN ∪ {0}. Hene, the q-dierene
equation (5) an be applied to those physial problems whih are related to the theory of
orthogonal polynomials (see [4℄) .
The paper is organized in the following way. In Setion 1 we will introdue the q-dierene
Darboux transform and we will integrate the equation (5) for the ase of V (x) = 0. The
ation of qdierene Darboux transform will be presented in Setion 2. There we nd an
oneparameter auto-Bäklund transform for the q-dierene Riati equation and we show
that it generates the general solution of (6) from a speial one. Setion 3 is devoted to the
presentation of some extendend lasses of solutions of the qdierene Shrödinger and Riati
equation. All results presented in Setion 1 and 2 have well known dierential ounterparts
and this aspet is also exhibited in the paper.
1 The q-dierene Darboux transform
In order to solve the qdierene equation (5) by the iterative method we will rewrite it in
the following form (
ψ(qx)
ϕ(qx)
)
= Λ(x)
(
ψ(x)
ϕ(x)
)
, (11)
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where
Λ(x) = 1I− (1− q)x
(
R(x) S(x)
V (x) T (x)
)
. (12)
Let us assume here that R(x), S(x), V (x) and T (x) are ontinuous funtions of a real argu-
ment. Hene, the matrix sequene
Λ(qn−1x).....Λ(qx)Λ(x) =:Λ(x; q)n (13)
is pointwise onvergent
Λ(x; q)n −→n→∞ Λ(x; q)∞ (14)
to a matrix funtionΛ(x; q)∞. The inverse matrix funtion Λ(x; q)
−1
∞ is exatly the resolvent
of equation (5), i. e. (
ψ(x)
ϕ(x)
)
= Λ(x; q)−1∞
(
ψ(0)
ϕ(0)
)
. (15)
The problem of solving (5) thus is equivalent to the alulation of the innite matrix produt
Λ(x; q)∞ :=
∞∏
k=0
Λ(qnx). (16)
The above suggests the following transform:
Λ(x) −→ D(qx)−1Λ(x)D(x) = Λ
′
(x), (17)
(
ψ(x)
ϕ(x)
)
−→ D(x)−1
(
ψ(x)
ϕ(x)
)
=
(
ψ
′
(x)
ϕ
′
(x)
)
, (18)
whereD(x) isGL(2, IR) - valued funtion of the real argument. It is obvious that the transform
(17-18) preserves the form of the equation (11) and the transformed resolvent Λ
′
(x; q)−1∞ is
related to the initial one by
Λ
′
(x; q)−1∞ = D(x)
−1Λ(x; q)−1∞ D(0). (19)
Thus the virtue of the above transform is to nd suh matrix valued funtionD(x) for equation
(5), whih redues unknown resolvent Λ(x; q)−1∞ to some known one Λ
′
(x; q)−1∞ .
We will nd later the expliit form of the resolwent Λ(x; q)∞ in the ase when V (x) = 0.
So, in order to integrate (5) it is enough to transform (16) to the uppertriangular matrix
funtion Λ(x) by the use of (17-18). Any matrix an be deomposed generially into the
produt of the uppertriangular and lowertriangular matries. Thus, without loss of generality
we an assume that
D(x) =
(
1 0
−c(x) 1
)
. (20)
After substituting (20) into (17) we nd that Λ
′
(x) will be an uppertriangular matrix if and
only if the funtion c(x) satises the qdierene Riati equation (6).
The qdierene Shrödinger operator fatorizes into the form:
− ∂2q + V (x) = (∂q + u(qx)) (−∂q + u(x)) , (21)
i the funtion u(x) satises the equation (6) with R(x) = T (x) = 0 and S(x) = 1. Hene, it
is natural to all the matrix transform (17-18) the qdierene Darboux transform.
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We will use the identity
∞∏
n=0
(1− (1− q)qnxf(qnx)) = exp
(
1
1− q
∫ x
0
ln (1− (1− q)tf(t))
t
dqt
)
, (22)
whih is an easy onsequene of the denition of qintegral.
Proposition 1 If R(x), S(x) and T (x) are ontinuous funtions and V (x) = 0 then
Λ(x; q)∞ =
[
exp 11−q
∫ x
0
ln(1−(1−q)tR(t))
t
dqt B(x)
0 exp 11−q
∫ x
0
ln(1−(1−q)tT (t))
t
dqt
]
, (23)
where
B(x) =
[
− exp
(
1
1− q
∫ x
0
ln(1− (1− q)tT (t))
t
dqt
)]
×
×
[∫ x
0
S(t)
1− (1− q)tR(t)
exp
(
1
1− q
∫ t
0
1
s
ln
1− (1− q)sR(s)
1− (1− q)sT (s)
dqs
)
dqt.
]
. (24)
Proof:
Sine V (x) = 0 we an assume that Λ(x; q)∞ is the uppertriangular matrix of the form
Λ(x; q)∞ =
[ ∏
∞
n=0 (1− (1− q)q
nxR(qnx)) B(x)
0
∏
∞
n=0 (1− (1− q)q
nxT (qnx))
]
. (25)
where from the equation
Λ(x; q)∞ = Λ(qx; q)∞Λ(x), (26)
we nd that the funtion B(x) does satisfy
B(x) = [1− (1− q)xT (x)]B(qx)−
∞∏
n=0
(
1− (1− q)qn+1xR(qn+1x)
)
(1− q)xS(x). (27)
The equation ( 27 ) is solved by iterative method. One gets nally:
B(x) = −
∞∏
n=0
(1− (1− q)qnxT (qnx))×
×
∞∑
n=0
(1− q) qnxS(qnx)
1− (1− q) qnxR(qnx)
∞∏
k=n
(
1− (1− q)qkxR(qkx)
)
(1− (1− q)qkxT (qkx))
. (28)
Substituting (28) into (25) and using identity (22) we obtain the formulae (23) and (24).
QED
2 The solution of q-dierene Shrödinger equation and auto-
Bälund transform for q-dierene Riati equation
We have obtained in Setion 1, the resolvent funtion Λ(x; q)−1∞ for the ase of V (x) = 0,
(see Proposition 1). Let us assume Λ
′
(x) in (17) to be uppertriangular matrix funtion.
Applying the qdierene Darboux transform to Λ(x), with D(x) given by (20), we nd the
general solution of the qdierential equation (5).
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Proposition 2 Let us assume that funtions R(x), S(x), T (x) and V (x) from the equations
(5) are ontinuous. Let
(
ψ0(x) ϕ0(x)
)⊤
be a partiular solution of (5) one and put
u0(x) =
ϕ0(x)
ψ0(x)
. (29)
Then the potential V (x) is given by
V (x) = ∂quo(x)− T (x)u0(x) +R(x)u0(qx) + S(x)u0(x)u0(qx), (30)
and the general solutions of (5) is given by:
ψ(x) = exp
(
−
1
1− q
∫ x
0
ln {1− (1− q)t [R(t) + u0(t)S(t)]}
t
dqt
)
×
×
[
D + F
∫ x
0
S(t)
1− (1− q) t [R(t) + u0(t)S(t)]
×
× exp
(
1
1− q
∫ t
0
1
s
ln
1− (1− q)s [R(s) + uo(s)S(s)]
1− (1− q)s [T (s)− u0(qs)S(s)]
dqs
)
dqt
]
, (31)
ϕ(x) = F exp
(
−
1
1− q
∫ x
0
ln {1− (1− q)t [T (t)− u0(qt)S(t)]}
t
dqt
)
+
+u0(x) exp
(
−
1
1− q
∫ x
0
ln {1− (1− q)t [R(t) + u0(t)S(t)]}
t
dqt
)
×
×
[
D + F
∫ x
0
S(t)
1− (1− q) t [R(t) + u0(t)S(t)]
×
× exp
(
1
1− q
∫ t
0
1
s
ln
1− (1− q) s [R(s) + u0(s)S(s)]
1− (1− q) s [T (s)− u0(qs)S(s)]
dqs
)
dqt
]
, (32)
The onstants D and Fare related with the initial onditions by:
D = ψ(0) ,
F = −ψ(0)
ϕ0(0)
ψ0(0)
+ ϕ(0). (33)
Proof:
In order to prove the formulae (31- 32) and (33) we assume in (12) that Λ
′
(x) is uppertriangular
and we apply the qdierene Darboux transform (17) with
D(x) =
(
1 0
−u0(x) 1
)
. (34)
The formulae (30) follows now from (17) and from the property of Λ
′
(x) of being uppertri-
angular. The formulae (31) and (32) are obtained from Proposition 1 and (33).
QED
As a orollary of Proposition 2 we obtained the auto-Bäklund transform for qdierene
Riati equation.
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Proposition 3 Let u0(x) be some speial solution of the equation (6). Then the general
solution of (6) is given by
ut(x) =
(
B+t u0
)
(x) = u0(x)+
+
t exp
(
1
1−q
∫ x
0
1
y
ln 1−(1−q)y[R(y)+u0(y)S(y)]1−(1−q)y[T (y)−u0(qy)S(y)]dqy
)
1 + t
∫ x
0
S(y)
1−(1−q)y[R(y)+u0(y)S(y)]
exp
(
1
1−q
∫ y
0
1
s
ln 1−(1−q)s[R(s)+u0(s)S(s)]1−(1−q)s[T (s)−u0(qs)S(s)]dqs
)
dqy
, (35)
where t ∈ IR.
Proof:
The formulae (35) is obtained by substituting (31) and (32) into (7) and puting t = F
D
.
QED
The qdierene Shrödinger equation(
−∂2q + V (x)
)
ψ(x) = 0, (36)
is a speial ase of (6) and is obtained by putting R(x) = T (x) = 0 and S(x) = 1. From the
Proposition 2 we may draw:
Corollary 1 The solution of qdierene Shrödinger equation with the potential
V (x) = ∂qu0(x) + u0(x)u0(qx), (37)
is given by
ψ(x) = exp
(
−
1
1− q
∫ x
0
ln (1− (1− q) tu0(t))
t
dqt
)
×
×
[
D + F
∫ x
0
1
1− (1− q) tu0(t)
exp
(
1
1− q
∫ t
0
1
s
ln
1− (1− q)su0(s)
1 + (1− q)su0(qs)
dqs
)
dqt
]
. (38)
In the limit of q → 1 the qdierene equations (5) and (6) tend to their dierential
ounterparts
d
dx
(
ψ(x)
ϕ(x)
)
=
(
R(x) S(x)
V (x) T (x)
)(
ψ(x)
ϕ(x)
)
(39)
and
V (x) =
d
dx
u(x) + (R(x)− T (x)) u(x) + S(x)u2(x), (40)
where u(x) is given by (7). The Propositions 2 and 3 are valid in the limit q → 1 too.
Therefore, we an apply them to the dierential ase and reprodue in suh a way the formulae
for general solutions of (39) and (40). They are given by
ψ(x) = exp
(∫ x
0
(R(t) + u0(t)S(t)) dt
)
×
×
[
D + F
∫ x
0
S(t) exp
(∫ t
0
[T (s)−R(s)− 2u0(s)S(s)] ds
)
dt
]
, (41)
ϕ(x) = F exp
(∫ x
0
(T (t)− u0(t)S(t)) dt
)
+
+u0(x) exp
(∫ x
0
(R(t) + u0(t)S(t)) dt
)
×
6
×[
D + F
∫ x
0
S(t) exp
(∫ t
0
[T (s)−R(s)− 2u0(s)S(s)] ds
)
dt
]
(42)
and by
ut(x) = u0(x) +
t exp
(∫ x
0 [T (y)−R(y)− 2u0(y)S(y)] dy
)
1 + t
∫ x
0 S(y) exp
(∫ y
0 [T (s)−R(s)− 2u0(s)S(s)] ds
)
dy
. (43)
Here
(
ψ0(x) ϕ0(x)
)⊤
and u0(x) are some speial solutions (39) and (40).
In order to desribe the properties of the family of solutions ut(x) =
(
B+t u0
)
(x), t ∈ IR,
given by (35) let us formulate:
Proposition 4
• The transforms (35) form oneparameter group
B+t1 ◦ B
+
t2
= B+t1+t2 , (44)
whih ats transitively on the spae of all solutions of the qdierene Riati equations (6).
• The solutions ut1(x), ut2(x), ut3(x), ut4(x) satisfy the unharmonial superposition prin-
iple (
ut4(x)− ut3(x)
) (
ut1(x)− ut2(x)
)
(ut3(x)− ut1(x)) (ut2(x)− ut4(x))
=
(t4 − t3) (t1 − t2)
(t3 − t1) (t2 − t4)
, (45)
for t1, t2, t3, t4 ∈ IR.
Proof:
• Aording to Proposition 3 any solution of (6) is given by Bsu0 for some s ∈ IR. Sine
Bt1 (Btu0) is a solution of (6) we have
B+t1 ◦ B
+
t2
u0 = B
+
s u0. (46)
One an nd s ∈ IR by evaluation of both sides of (46) at x = 0. Thus, using (33) we obtain
t1 + (t2 + u0(0)) = s+ u0(0). (47)
• The equality is obtained from (35) by diret alulation. QED
The right hand side of (45) is invariant with respet to the real frational transformation
t
′
i =
ati + b
cti + d
,
(
a b
c d
)
∈ SL(2, IR) (48)
of the parameters t1, t2, t3 and t4. Hene, the left hand side of (45) is SL(2, IR)invariant
too.
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3 Some integrable ases
In the Proposition 3 we onstruted the transform whih generated the general solution
of the qRiati equation (6) from a given speial one. It was done by the ation of one
parameter group of transformations {B+t }, t ∈ IR. The formula (35) whih denes the group
{B+t }t∈IR ation does depend on the potentials R(x), S(x) and T (x). It does not ontain the
potential V (x). This allows us to dene some method of reation of new integrable systems
from a system whih one knows how to integrate. In order to do this let us intodue some
notation.
By I we will denote the map
Iu(x) := −u(x). (49)
The operator whih ats on the funtion u(x) on the right side of qRiati equation (6) will
be denoted by R+, i.e.
R+u(x) := ∂qu(x)− T (x)u(x) +R(x)u(qx) + S(x)u(x)u(qx). (50)
By R− we will denote the operator
R−u(x) := −∂qu(x) + T (x)u(x)−R(x)u(qx) + S(x)u(x)u(qx). (51)
It is lear that
R+ ◦ I = R− and R− ◦ I = R+. (52)
Hene, if u(x) is the solution of the equation
R+u(x) = V (x), (53)
then Iu(x) does satisfy
R− ◦ Iu(x) = V (x) (54)
and vie versa. The oneparameter groups (35) for the equations (53) and (54) will be denoted
by {B+t }t∈IR and {B
−
t }t∈IR respetively. They are related by
B−t = I ◦ B
+
t ◦ I. (55)
After apliation of the transform
B−t1...tn := I ◦ B
+
t1
◦ I ◦ B+t2 ◦ · · · ◦ I ◦ B
+
tn
◦ I (56)
to u0(x) whih one assumes to be the solution of (6) with the potential V0(x) we obtain the
solution
u(t1, . . . , tn, x) := B
−
t1...tn
u0(x) (57)
of (53) with the some new potential
R+u(t1, . . . , tn, x) = V (t1, . . . , tn, x), (58)
whih is nparameter deformation of the initial one. The same funtion satises also
R−u(t1, . . . , tn, x) = V (t2, . . . , tn, x). (59)
In suh a way we obtain the family of qdierene Riati equations (58) and (59) generated
by u0(x) and by the transform (56).
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It is worth to mention here the group like property of Bt1...tn :
B−0...0 = id,(
B−t1...tn
)−1
= B−tn...−t1 , (60)
B−t1...tn ◦ B
−
s1...sm
= B−t1...tn−1tn+s1s2...sm .
In partiular of ase n = 1, applying {B−t }t∈IR to (37) we obtain
R+u(t, x) = V (t, x), (61)
R−u(t, x) = R−u0(x), (62)
where u(t, x) = B−t u0(x). Simple alulation gives a solution
u(t, x) = u0(x)−
−
t exp
(
1
1−q
∫ x
0
1
y
ln 1+(1−q)yu0(y)1−(1−q)yu0(qy)dqy
)
1 + t
∫ x
0
1
1+(1−q)yu0(y)
exp
(
1
1−q
∫ y
0
1
s
ln 1+(1−q)su0(s)1−(1−q)su0(qs)dqs
)
dqy
, (63)
for the potential
V (t, x) = V0(x)−
− 2∂q
t exp
(
1
1−q
∫ x
0
1
y
ln 1+(1−q)yu0(y)1−(1−q)yu0(qy)dqy
)
1 + t
∫ x
0
1
1+(1−q)yu0(y)
exp
(
1
1−q
∫ y
0
1
s
ln 1+(1−q)su0(s)1−(1−q)su0(qs)dqs
)
dqy
. (64)
In the limit of q → 1 the equations (61) and (62) orrespond to the proper dierential equations
and (63) tends to the solution
u(t, x) = u0(x)−
∂
∂x
ln
(
1 + t
∫ x
0
exp
(
2
∫ y
0
u0(z)dz
)
dy
)
(65)
of (3) with potential given by
V (t, x) = V0(x)− 2
∂2
∂x2
ln
(
1 + t
∫ x
0
exp
(
2
∫ y
0
u0(z)dz
)
dy
)
. (66)
Combining (61) and (62) we nd the formula
u(t, x) =
1
2
{
(1− q)x
1
2
(V (t, x)−R−u0(x))
+
−
+
−
√[
(1− q)x
1
2
(V (t, x)−R−u0(x))
]2
+ 2 (V (t, x) +R−u0(x))

 , (67)
whih expresses the solution u(t, x) by the tdeformed potential V (t, x) and by the initial
solution u0(x).
Example
The funtion
u0(x) = ax
α, (68)
where α > −1, a, α ∈ IR, is the solution of (37) with the potential
V0(x) = a
1− qα
1− q
xα−1 + a2qαx2α. (69)
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Let
expR(x) =
∞∑
n=0
1
R(q) · · ·R(qn)
xn, (70)
be generalized exponential funtion (see [3℄) with
R(x) =
1− xα+1
(1− q)xα+1
. (71)
Using the formulae (63) and (64) we nd that
u(t, x) = axα −
t
expR(axα+1)
expR(−aq
αxα+1)
1 + t
∫ x
0
expR(aq
α+1yα+1)
expR(−aq
αyα+1)
dqy
, (72)
is a solution of (37) with potential V (t, x) given by
V (t, x) = a
1− qα
1− q
xα−1 + a2qαx2α−
−2t
expR(aqα+1xα+1)
exp
R
(−aqαxα+1)(
1 + t
∫ x
0
expR(aq
α+1yα+1)
expR(−aq
αyα+1)
dqy
)(
1 + qt
∫ x
0
expR(aq2(α+1)yα+1)
expR(−aq
2α+1yα+1)
dqy
)×
×
{
(1 + qα) aqα+1xα
(
1 + t
∫ x
0
expR
(
aqα+1yα+1
)
expR (−aq
αyα+1)
dqy
)
− t
expR
(
aqα+1xα+1
)
expR (−aq
2α+1xα+1)
}
. (73)
If, for example, α = 0, t = a and q → 1 then the potential (73) redues to RosenMorse
potential
V (a, x) = a2
exp (−2ax)− 6 + exp (2ax)
(exp (−ax) + exp (ax))2
. (74)
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